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Abstract—This article presents a unified adaptive fuzzy con-
trol approach for high-order nonlinear systems (HONSs) with
multitype state constraints. Existing methods always require the
upper and lower constraint boundaries are strictly positive and
negative functions (or constants), respectively, which is often
inconsistent with the actual constraints. In this article, “multi-
type state constraint” means that the upper and lower constraint
boundaries include multiple types, such as both being strictly pos-
itive (or negative), sometime be positive or negative, and so on
(cases ①–⑥). By designing a unified mapping function (UMF), the
multitype state constraints are processed under removal the fea-
sibility conditions (FCs). Furthermore, a technical design makes
the proposed method also applicable to unconstrained HONSs
without changing the control structure. By means of a fuzzy-
logic system (FLS) and fixed-time stability theory (FTST), the
proposed algorithm can ensure that the tracking error converges
to a zero-centered neighborhood within a fixed time, and the
singularity which often appears in the existing fixed-time con-
trol (FTC) methods of HONSs is effectively avoided. Simulation
results demonstrate the scheme developed.

Index Terms—Fixed-time control, fuzzy control, high-order
nonlinear systems (HONSs), multitype state constraints.

I. INTRODUCTION

IN THE past few decades, the control of state-constrained
nonlinear systems has attracted a lot of attention because of

the inevitable constraints in real systems. Just to name a few,
early popular methods include reference governors [1], [2],
model predictive control [3], and set invariance [4], which
rely on extensive optimization calculations. Soon afterwards,
Ngo et al. [5] presented a novel method based on the
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barrier Lyapunov function (BLF) to deal with state constraints.
Inspired by this idea, many BLF-based methods were proposed
for state-constrained nonlinear systems with different struc-
tures (like log-type BLF [6], [7], [8], tan-type BLF [9], [10],
and integral BLF [11]). Essentially, the BLF-based approach
is to convert state constraints into error constraints, thus, the
so-called feasibility conditions (FCs) (first proposed in [12])
need to be satisfied. As stated in [12], users need to spend
a lot of energy to explore parameters that meet the FCs
through off-line optimization. To make matters worse, when
the state is required to be in a set of small measures, the
qualified parameters may not exist. To this end, by designing
a nonlinear mapping function (NMF), Zhao and Song [12]
first presented a novel tracking control method for state-
constrained strict-feedback systems without FCs. Then, the
NMF-based method was extended to uncertain robotic manip-
ulators systems [13], stochastic systems [14], interconnected
systems [15], and active suspension systems [16]. Recently,
some methods for handling state constraints based on different
NMFs were proposed successively. For example, two unified
control method for nonlinear systems with or without state
constraints were proposed in [17] and [18]. Zhao et al. [19]
presented a unified control approach to strict-feedback nonlin-
ear systems under dynamic constraints, this method creatively
removes the restriction of the traditional method on constraint
boundaries. Recently, the method was applied to uncertain
robotic systems [20].

It is noteworthy that all the above methods focus on
general feedback nonlinear systems. However, as a spe-
cial class of nonfeedback linearization systems, the con-
trol design of high-order nonlinear systems (HONSs) is
more trickier, especially, in the case of state constraints.
For all this, some breakthroughs have been made in recent
years. Among them, the method based on high-order BLF
(HOBLF) has attracted much attention. For instance, by
designing the tan-type HOBLFs, the methods for symmet-
ric/asymmetric output-constrained HONSs were presented
in [21], [22], and [23]. Whereafter, the approaches based
on tan-type HOBLFs of full-state constrained HONSs were
proposed in [24], [25], and [26]. In addition, by construct-
ing the log-type HOBLFs, the control schemes were presented
for state-constrained HONSs [27], [28], [29], [30]. Similar to
the BLF-based method to deal with the state constraints
of general feedback nonlinear systems, the HOBLF-based
method still faces the limitation of FCs. Toward this end,
the NMF-based approach was extended to state-constrained

2168-2267 c© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: University of Science & Technology of China. Downloaded on August 11,2023 at 00:24:57 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-3509-679X
https://orcid.org/0000-0002-8706-3252
https://orcid.org/0000-0002-3684-5297
https://orcid.org/0000-0002-6138-6686
https://orcid.org/0000-0003-0567-2503


2 IEEE TRANSACTIONS ON CYBERNETICS

HONSs [31], [32], [33], which does not involve FCs. It is
worth noting that one limitation of the above methods is that
the sign of the constraint boundaries are definite, that is, the
upper and lower constraint boundaries need to be strictly posi-
tive and strictly negative, respectively. In addition, the schemes
proposed in [27], [28], [29], [30], [31], and [32] are invalid
for unconstrained HONSs. In fact, for the constraint problem
Li(t) < xi < Hi(t), where Li(t),Hi(t) ∈ L∞ denote the con-
straint boundaries, xi denotes system variable. There are many
cases of the sign of constraint boundaries, as follows:

1 Li(t) < 0 < Hi(t)

2 Li(t) ≤ 0 < Hi(t)

3 Li(t) < 0 ≤ Hi(t)

4 Li(t) < Hi(t) ≤ 0

5 0 ≤ Li(t) < Hi(t)

6 Li(t) < Hi(t), where Li(t) and Hi(t) could sometime

be positive or negative.

Furthermore, the actual system may need to operate interac-
tively under constrained and unconstrained conditions. In other
words, the constraint boundaries are bounded for some specific
periods of time and unbounded for the rest of the time, like
Li(t) = −∞,Hi(t) = +∞ when 0 ≤ t ≤ t0, Li(t),Hi(t) ∈ L∞
when t > t0. The traditional schemes of state-constrained
HONSs [24], [25], [26], [27], [28], [29], [30], [31], [32], [33]
are only applicable to case ①, and the methods in [27], [28],
[29], [30], [31], and [32] are invalid for unconstrained HONSs.
Note that the schemes proposed in [24], [25], [26], and [33]
are also valid for unconstrained HONSs, but the limitation that
the upper and lower constraint boundaries are positive and
negative functions, respectively, still exists, and the schemes
proposed in [24], [25], and [26] rely on the FCs. This impels us
to develop a more general adaptive control method for HONSs
subject to multitype state constraints (cases ①–⑥), which is
also applicable to unconstrained HONSs.

As we all know, the settling time of the actual system is an
important indicator of user concern. Nevertheless, the early
methods can only ensure the stability of the system without
much consideration of the settling time, which in fact was
often infinite. In order to meet the user’s higher requirements
for settling time, a large number of finite-time control methods
based on finite-time stability theory [34] were developed for
output/state-constrained feedback nonlinear systems [35], [36]
and HONSs [21], [37], [38]. One blemish of the approaches
mentioned above is that the settling time is related to the selec-
tion of the initial value of the system. Toward this end, the
fixed-time stability theory (FTST) which can remove the above
defect was proposed in [39], with its help, the settling time is
only related to the design parameters. Recently, many fixed-
time control (FTC) schemes were presented, see [40], [41],
[42], [43], [44], [45], [46], [47] and references therein. As
far as we know, most of the existing methods focus on gen-
eral feedback nonlinear systems except for those in [45], [46],
and [47], while the schemes proposed in [45] and [46] depend
on the requirement of more prior knowledge of system func-
tions (see Remark 3), and the singularity problem may appear

in the method presented in [47] (see Remark 10), which impels
us to construct a nonsingular FTC strategy of state-constrained
HONSs to remove the above restrictions.

According to the above analysis, one can know that a
lot of progress has been developed for state-constrained
HONSs [24], [25], [26], [27], [28], [29], [30], [31], [32], [33],
but the following limitations still exist.

1) The tan/log-type HOBLFs-based approaches for
HONSs [24], [25], [26], [27], [28], [29], [30] involves
FCs. The NMF-based approaches for HONSs [31], [32],
[33] remove the FCs, however, all of these methods
require that the sign of the constraint boundaries be
definite (i.e., case ①), and the methods in [31] and [32]
are invalid for unconstrained HONSs.

2) Most of the control approaches for HONSs only ensure
that the settling time of HONSs is infinite, or the
settling time is related to the selection of the initial
value except for those in [45], [46], and [47], while
the schemes proposed in [45] and [46] depend on the
requirement of more prior knowledge of system func-
tions (see Remark 3), and the singularity problem may
arise in the approach presented in [47] (see Remark 10).

The above analysis impels us to construct a unified nonsingu-
lar FTC algorithm of HONSs with multitype state constraints
(cases ①–⑥) or without state constraints. Conclude the key
innovations as follows.

1) A unified adaptive control algorithm of HONSs subject
to multitype state constraints is presented in this arti-
cle. By designing a unified mapping function (UMF),
the HONS subject to multitype state constraints is ren-
dered into an unconstrained one. The difference from
the conventional approaches [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33] is that the proposed scheme
effectively eliminates the FCs, and capable of accommo-
dating multiple type time-varying state constraints (cases
①–⑥). Moreover, a technical design makes the proposed
method also suitable for unconstrained HONSs.

2) With the aid of a fuzzy-logic system (FLS) and
FTST, a nonsingular FTC approach for HONSs sub-
ject to multitype state constraints is proposed. Under
the proposed strategy, all of the closed-loop sig-
nals are bounded, and the tracking error converges
to a zero-centered neighborhood within a fixed time.
Moreover, the limitation of existing finite/fixed-time
methods [21], [37], [38], [45], [46] that rely on more
prior knowledge of fi(·) and gi(·) is removed, and
the singularity problem which appears in the existing
FTC method for HONSs [33], [47] is also effectively
removed.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Preliminaries

Lemma 1 [41]: Give the following nonlinear system:

ẋ = f (x, t). (1)

For a positively definite radially unbounded Lyapunov function
(LF) V(x), if ∃ λ1, λ2,� ∈ R+, r1 ∈ (0, 1), r2 ∈ (1,+∞),
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η ∈ (0, 1) such that

V̇(x) ≤ −λ1Vr1(x)− λ2Vr2(x)+� (2)

then, the solution of (1) is practical fixed-time stable, and the
residual set of the solution for (1) is

x ∈
{

x
∣∣V ≤ min

{(
�

(1 − η)λ1

) 1
r1
,

(
�

(1 − η)λ2

) 1
r2

}}
(3)

with

T ≤ 1

λ1η(1 − r1)
+ 1

λ2η(r2 − 1)
. (4)

Lemma 2 [7]: The FLS can be applied to approximate an
unknown nonlinear function f̄ (Z), that is

f̄ (Z) = ϒT�(Z)+ ε(Z), (|ε(Z)| ≤ ε, ε ∈ R+) (5)

where �(Z) = [�1(Z), . . . , �m(Z)]T/
∑n

i=1�i(Z), m ∈ R+
denotes the number of the fuzzy rules, Z,�(Z), ϒ, and ε(Z)
denote input, basis function, weight, and error, respectively.
Choose �i(Z) as follows:

�i(Z) = exp

[−(Z − ϑi)
T(Z − ϑi)

ιi2

]
, i = 1, . . . ,m (6)

where ιi and ϑi denote the center vector and the spreads of
�i(Z).

Remark 1: It is noted that the existing popular FLSs that by
using the singleton fuzzifier, product inference, center-average
defuzzifier, and Gaussian membership function, the output of
an FLS is in a form of a normalized Gaussian function is
different from the ones adopted in this article. The method in
this article only estimates the vector norm to make the design
and analysis process simpler, and the similar methods are also
proposed in [7], [9], [10], and [11]. Of course, this approach
will also affect the control strength and transient performance
to a certain extent.

Lemma 3 [22]: For p ∈ R≥1
odd = {p ≥ 1|p = q1/q2}, qi ∈

R+(i = 1, 2) stands for odd, m, n ∈ R, x, y, ζ, � ∈ R+, one
has ∣∣mp − np

∣∣ ≤ �|m − n|
(
|m − n|p−1 + np−1

)
(7)

�|m|x|n|y ≤ ζx

x + y
|m|x+y + y�

x+y
y

x + y
ζ

− x
y |n|x+y (8)

where � = p(2p−2 + 2).
Lemma 4 [33]: ∀ χ, χi ∈ R, ε ∈ R+, one has

0 ≤ |χ | < ε + χ2√
χ2+ε2

(9)(∑n
i=1|χi|

)κ ≤ max
{
1, nκ−1

}∑n
i=1|χi|κ . (10)

Lemma 5 [51]: For x ≥ 0, y > 0 and a ≥ 1, one has

x ≤ y +
( x

a

)a
(

a − 1

y

)a−1

. (11)

B. Problem Formulation

Consider the following HONSs:⎧⎨
⎩

ẋi = fi(x̄n)+ gi(x̄n)x
pi
i+1, i = 1, . . . , n − 1

ẋn = fn(x̄n)+ gn(x̄n)upn

y = x1

(12)

subject to full-state constraints as follows:

xi ∈ Ai := {
(t, xi) ∈ R+ × R

∣∣Li(t) < xi < Hi(t)
}

(13)

where −∞ < Li(t) < Hi(t) < +∞ with i = 1, . . . , n, Li(t)
and Hi(t) denote the continuously differentiable time-varying
constraint boundaries. y, u, x̄i = [x1, . . . , xi]T denote system
output, system input, and state vector, respectively. pi ∈ R≥1

odd,
fi(·), gi(·) (i = 1, . . . , n) denote unknown nonlinear functions.

Remark 2: It is noteworthy that the constraint boundaries
considered in the existing methods are very conservative,
that is, the upper and lower constraint boundaries are strictly
positive and negative functions (or constants), respectively,
(−∞ < Li(t) < 0 < Hi(t) < +∞). In fact, the con-
straint boundaries of the actual system contain many types
(cases ①–⑥). For example, if the reference signal is strictly
positive (or strictly negative), like yd = 0.5 + 0.3 sin(t) [or
yd = −0.5+0.3 sin(t)], in this case, it is meaningless to require
the lower constraint boundary (or upper constraint bound-
ary) to be a negative function (or positive function), and the
constraint range of system variables may be strictly positive
(or strictly negative) according to actual needs. In addition,
even though the reference signal is sometimes positive and
sometimes negative, like yd = sin(t), some practical systems
may require that the constraint boundaries be sometimes pos-
itive and sometimes negative, like L1(t) = sin(t) − 0.5 and
H1(t) = sin(t) + 0.5. Furthermore, as stated in the introduc-
tion, the actual system may need to run interactively under
constrained and unconstrained conditions. To the best of our
knowledge, the unified control of HONSs with multitype state
constraints (cases ①–⑥) or without state constraints is also an
open issue, and this article is dedicated to solving this valuable
problem.

The aim of this article is to develop a unified fuzzy con-
trol strategy such that: 1) all of the closed-loop signals are
bounded; 2) the tracking error z1 = y−yd converges to a zero-
centered neighborhood within a fixed time, where yd denotes
a known desired signal; and 3) the full-state constraints are
not violated under removal FCs.

Two rationalization assumptions are needed.
Assumption 1: gn(·) is strictly positive or strictly negative,

and there exist two positive constants g, ḡ, such that 0 < g ≤
|gn(·)| ≤ ḡ. In this article, let gn(·) > 0.

Assumption 2 [34]: The desired signal yd and its (n-1)th
derivative y(n−1)

d are bounded and continuous.
Remark 3: Assumption 1 is a standard assumption used

for stability analysis. Obviously, Assumption 1 is easily sat-
isfied in many actual systems, such as single-link robotic
system, reduced-order model of the boiler-turbine unit, and
so on. Note that most existing methods require that the sign
of each control gain be given, and this article only requires
that the sign of gn(·) be given after technical processing.
Furthermore, the existing finite/fixed-time control methods
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of HONSs [21], [37], [38], [45], [46] depend on the require-
ment of more prior knowledge of fi(·) (see Assumption 1
of [37], [38], [45] and Assumption 2 of [21], [46]), but the above
assumptions are also eliminated in this article. Assumption 2
is a standard assumption, which is also given in [12] and [41].

III. MAIN RESULTS

A. Unified Mapping Function

Inspired by [19], an important UMF is designed as follows:

ξi = Hi(t)xi − Hi

2(Hi(t)− xi)
− Li(t)xi + L̄i

2(xi − Li(t))
, i = 1, . . . , n (14)

with xi(0) ∈ Ai, where L̄i and Hi denote some constants that
satisfy the following conditions:

L2
i (t)+ L̄i > 0, H2

i (t)− Hi > 0. (15)

According to (14) and (15), it is easy to see that the
UMF ξi has the following properties: 1) if xi ∈ Ai, then
ξi → ∞ if and only if xi → L+

i (t) or xi → H−
i (t) and

2) limLi(t)→−∞,Hi(t)→+∞ ξi = xi.
Then, one has the following Lemma, which is crucial for

subsequent analysis.
Lemma 6: For the initial condition xi(0) ∈ Ai, if ξi(t) ∈

L∞, then xi(t) ∈ Ai holds for ∀t ∈ [0,+∞).
Proof: Suppose that xi(t∗) /∈ Ai, that is, ∃t∗ ∈ (0,+∞)

s.t. xi(t∗) = a, where a ≤ Li(t) or a ≥ Hi(t). According to
xi(0) ∈ Ai, and the continuity of xi(t), one can obtain from
the intermediate value theorem that there is at least one time
t1 ∈ (0, t∗) such that xi(t1) = Li(t1) or xi(t1) = Hi(t1). Then,
one has ξi(t1) = ∞, which obviously contradicts ξi ∈ L∞. So,
Lemma 6 holds.

Remark 4: In the existing methods [24], [25], [26], [27],
[28], [29], [30], take the log-type HOBLF, for example, for
simplicity, −Li(t) = Hi(t) = Bi denotes a positive constant
(i.e., symmetric constant constraints), the log-type HOBLF is
as follows:

Vi = 1

Pi
log

(
kPi

i

kPi
i − zPi

i

)
, |zi(0)| < ki (16)

where ki denotes a positive constant, zi = xi − αi−1, Pi =
p − pi + 2, and p = max{pi}, ki denotes a positive constant,
which will be given below. If the following conditions are
satisfied:

|zi(t)| < ki ∀t ≥ 0 (17)

k1 = B1 − A0 > 0, |yd| ≤ A0 (18)

ki = Bi − Ai−1 > 0, i = 2, . . . , n (19)

|αi−1| ≤ Ai−1 < Bi, i = 2, . . . , n (20)

then the state constraints are not violated, where Ai denotes
a constant. In fact, the main idea of above schemes is to
transform state constraints into error constraints. It can be
known from (17) and the expression of zi that yd(0) − k1 <

x1(0) < k1 + yd(0) and αi−1(0) − ki < xi(0) < ki +
αi−1(0), (i = 2, . . . , n), it means that the system variables xi

are required to be in some sets of small measures. Moreover,
it can be known from (20) that the so called “FC” need to
be satisfied, that is, |αi−1| < Bi(i = 2, . . . , n). It can be

obviously obtained from (14) that the proposed UMF ξi is
purely dependent on system variables, so the FC is removed.

Remark 5: Recently, several approaches to removing the
FC have been proposed for state-constrained feedback nonlin-
ear systems [12], [13], [14], [15], [16], [17], [18], [19], [20]
and HONSs [31], [32], [33]. For instance, the NMF presented
in [12], [13], [14], [15], [16], [31], and [32] is as follows:

ξi = xi

(xi − Li(t))(Hi(t)− xi)
. (21)

From (21), one has

ξ̇i = μiẋi + vi (22)

where

μi = x2
i − Li(t)Hi(t)

(xi − Li(t))2(Hi(t)− xi)
2

(23)

vi =
(
Hi(t)L̇i(t)+ Ḣi(t)Li(t)

)
xi − (

L̇i(t)+ Ḣi(t)
)
x2

i

(xi − Li(t))2(Hi(t)− xi)
2

. (24)

From (23), it can be known that μi = 0 might be true if
Hi(t) and Li(t) have the same sign or one of them is zero,
so that system (22) becomes uncontrollable. Thus, the meth-
ods of [12], [13], [14], [15], [16], [31], and [32] are only
applicable to case ① (i.e., −∞ < Li(t) < 0 < Hi(t) < +∞).
Furthermore, from (21), one has limLi(t)→−∞,Hi(t)→+∞ ξi = 0,
which means that the above schemes are invalid for uncon-
strained HONSs. The NMF presented in [17] is as follows:

ξi = −LiHixi

(xi − Li)(Hi − xi)
(25)

where Li and Hi are constants.
From (25), one has

ξ̇i = μiẋi (26)

where

μi = HiLi
(
LiHi − x2

i

)
(xi − Li)

2(Hi − xi)
2
. (27)

From (27), it can be known that μi = 0 might be true if Hi

and Li have the same sign or if one of them is zero. Similar
to the above analysis, we can see that the method proposed
in [17] is also only applicable to case ①, and this method is
limited to constant constraints. The NMF presented in [18]
and [33] is as follows:

ξi = xi

�i1(xi,Li(t))�i2(xi,Hi(t))
(28)

where

�i1(xi,Li(t)) = −Ci(xi)

(
xi

Li(t)

)2m

+ 1 (29)

�i2(xi,Hi(t)) = −(1 − Ci(xi))

(
xi

Hi(t)

)2m

+ 1

Ci(xi) =
{

1, Li(t) < xi ≤ 0
0, 0 < xi < Hi(t)

(30)

and 2m > n,m ∈ Z+. Obviously, the original design of the
above methods is based on the fact that the upper and lower
constraint boundaries are positive and negative functions,
respectively, so they are also only applicable to case ①.
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Furthermore, The fixed-time controller designed by the method
in [33] has the singularity problem, while the proposed method
effectively removes the singularity problem (see Remark 10).

Remark 6: Note that the methods of [19] and [20] can deal
with constraints including cases ①–⑥ (i.e., −∞ < Li(t) <
Hi(t) < +∞), but the considered systems are limited to feed-
back nonlinear systems. In addition, the proposed method has
another advantage that is not found in [19] and [20], that is,
the proposed method is suitable for unconstrained HONSs.
The NMF presented in [19] and [20] is as follows:

ξi = xi − Hi

Hi(t)− xi
+ xi − L̄i

xi − Li(t)
, i = 1, . . . , n (31)

where L̄i and Hi denote some constants that satisfy the
following conditions Li(t) < L̄i,Hi(t) > Hi. Obviously,
limLi(t)→−∞,Hi(t)→+∞ ξi = 0. However, it can be obtained
from (14) that limLi(t)→−∞,Hi(t)→+∞ ξi = xi, it means that
the proposed scheme works just as well when there are
no constraints.

Based on (14), one has

ξ̇i = μiẋi + vi, i = 1, . . . , n (32)

where

μi = L2
i (t)+ L̄i

2(xi − Li(t))2
+ H2

i (t)− Hi

2(Hi(t)− xi)
2

(33)

vi = − L̇i(t)x2
i + L̇i(t)L̄i

2(xi − Li(t))2
+ −Ḣi(t)x2

i + Ḣi(t)Li

2(Hi(t)− xi)
2

. (34)

Substituting (12) to (32), one can obtain{
ξ̇i = Fi(x̄n, ξi+1)+ ξ

pi
i+1, i = 1, . . . , n − 1

ξ̇n = Fn(x̄n)+ μngn(x̄n)upn
(35)

where Fi(x̄n, ξi+1) = μi[gi(x̄n)x
pi
i+1 + fi(x̄n)] − ξ

pi
i+1 + vi and

Fn(ξ̄n) = μnfn(x̄n)+ vn.
Remark 7: Obviously, it can be known from (33) that as long

as (15) is true, then μi �= 0 is true, and it does not matter what
the sign of the constraint boundaries are, which indicates that
the proposed method can cover all of six-type constraint cases.
According to Lemma 6, as long as the designed controller can
ensure that the variable ξi in system (35) is bounded, then the
conclusion that the state constraints are not violated is true.

Remark 8: It can be known from (14) that ξi is a strictly
monotone function of xi when xi ∈ (Li(t),Hi(t)), which means
that the inverse function exists, that is, every ξi is actually
unique corresponding to a xi, but the concrete expression can
not be expressed concretely. Indeed, this has no effect on our
results. In the process of designing the controller, we will use
the FLS to approximate the unknown nonlinear function, so
only the variables included in the nonlinear function as input,
there is no requirement for the specific function expression.

B. Controller Design

Define the error variable as follows:

ei = ξi − αi−1, i = 1, . . . , n (36)

where

α0 = H1(t)yd − H1

2(H1(t)− yd)
− L1(t)yd + L̄1

2(yd − L1(t))

and αi−1(i = 2, . . . , n) will be given below.

According to (35) and (36), we have{
ėi = Fi(x̄n, ξi+1)+ ξ

pi
i+1 − α̇i−1, i = 1, . . . , n − 1

ėn = Fn(x̄n)+ μngn(x̄n)upn − α̇n−1.
(37)

Let �i = ||ϒi||2, ϒi stands for the weight vec-
tor of FLS, �̃i = �i − �̂i, �̂i denotes the esti-
mate of �i, Zi = [x̄n, ξ̄n, yd, ẏd, . . . , y(i−1)

d , �̂i]T , Zi =
[x̄i, ξ̄i, yd, . . . , y(i−1)

d , �̂i]T , p = max1≤i≤n{pi}, and Pi = p −
pi + 2. According to the backstepping technique, the specific
design process of the controller is as follows.

Step 1: Choose the first LF candidate (LFc) V1 as follows:

V1 = 1

P1
eP1

1 + 1

2γ1
�̃2

1,
(
γ1 ∈ R+). (38)

From (37) and (38), we have

V̇1 = eP1−1
1 f̄1(Z1)+ eP1−1

1

(
ξ

p1
2 − α

p1
1

)+ eP1−1
1 α

p1
1

− P1 − 1

P1
eP1

1 − (ψ1 + λ12ε1)e
p+1
1 − 1

γ1
�̃1

˙̂
�1 (39)

where f̄1(Z1) = F1(x̄n, ξ2) + (P1 − 1)e1/P1 − α̇0 + (ψ1 +
λ12ε1)e

p1
1 , λ12, ε1 ∈ R+, ψ1 will be given below.

Based on Lemma 2, an FLS is applied to approximate f̄i(Zi),
that is, f̄i(Zi) = ϒT

i �i(Zi) + εi(Zi), where |εi(Zi)| ≤ εi with
εi ∈ R+.

Combine Lemmas 3 and 5 with the conclusion that
||�i(·)||2 ∈ (0, 1], one has

eP1−1
1 f̄1(Z1) ≤ |e1|P1−1�̃1

4a1||�1(Z1)||2 + |e1|P1−1�1 + eP1−1
1 ε1(Z1)

≤ |e1|P1−1�̃1

4a1||�1(Z1)||2 + δ1 + ep+1
1 φ1

+ P1 − 1

P1
eP1

1 + ε
P1
1

P1
(40)

where �1 = (

√
1 + �̂2

1)/(4a1||�1(Z1)||2)+ a1, φ1 = [(P1 −
1)�1/(p + 1)](p+1)/(P1−1)[p1/(P1 − 1)δ1]p1/(P1−1). a1 and δ1
are positive design parameters.

From Lemma 3, one has

eP1−1
1

(
ξ

p1
2 − α

p1
1

) ≤ p1 + 1

p + 1
ep+1

2 + ψ1ep+1
1 (41)

where �1 = p1(2p1−2 +2) and ψ1 = [(P1 −1)�(p+1)/(P1−1)
1 ]/

(p + 1)+ [(p + 2)(�1|π1|p1−1)(p+1)/(p+2)]/(p + 1).
Based on (40) and (41), one can obtain

V̇1 ≤ eP1−1
1 α

p1
1 + |e1|P1−1�̃1

4a1||�1(Z1)||2 + φ1ep+1
1 − λ12ε1ep+1

1

+ p1 + 1

p + 1
ep+1

2 +�1 − 1

γ1
�̃1

˙̂
�1 (42)

where �1 = δ1 + ε
P1
1 /P1.

Design α1 and ˙̂
�1 as follows:

α1 � −�1e1 (43)

�1 =
⎡
⎣λ11 + λ12e2(P1r2−p−1)

1√
e2(P1r2−p−1)

1 + ε2
1

+ φ1

⎤
⎦

1
p1

(44)
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˙̂
�1 = γ1|e1|P1−1

4a1||�1(Z1)||2 − σ1�̂1,
(
�̂1(0) > 0

)
(45)

where r2 > max{1, (3/2 + p)/Pi}, λ11, σ1 ∈ R+.
Based on Lemma 4, one has

eP1−1
1 α

p1
1 ≤ −λ11ep+1

1 − φ1ep+1
1 + λ12ε1ep+1

1 − λ12eP1r2
1 .(46)

Substituting (45) and (46) to (42), one has

V̇1 ≤ −λ11ep+1
1 − λ12eP1r2

1 + σ1

γ1
�̃1�̂1

+ p1 + 1

p + 1
ep+1

2 +�1. (47)

Step i (i = 2, . . . , n − 1): Choose the ith LFc Vi as

Vi = 1

Pi
ePi

i + 1

2γi
�̃2

i + Vi−1,
(
γi ∈ R+). (48)

From (37) and (48), we have

V̇i = V̇i−1 + ePi−1
i f̄i(Zi)+ ePi−1

i

(
ξ

pi
i+1 − α

pi
i

)+ ePi−1
i α

pi
i

− Pi − 1

Pi
ePi

i − (ψi + λi2εi)e
p+1
i − 1

γi
�̃i

˙̂
�i (49)

where f̄i(Zi) = (pi−1 + 1)epi
i /(p + 1) + (Pi − 1)ei/Pi +

Fi(x̄n, ξ
pi
i+1) + (ψi + λi2εi)e

pi
i − α̇i−1, λi2, εi ∈ R+, ψi will

be shown below.
According to Lemmas 3–5, one has

ePi−1
i f̄i(Zi) ≤ |ei|Pi−1�̃i

4ai||�i(Zi)||2 + δi + φie
p+1
i

+ Pi − 1

Pi
ePi

i + ε
Pi
i

Pi
(50)

ePi−1
i

(
ξ

pi
i+1 − α

pi
i

) ≤ pi + 1

p + 1
ep+1

i+1 + ψie
p+1
i (51)

where �i = ai + (

√
1 + �̂2

i )/(4ai||�i(Zi)||2),
�i = pi(2 + 2pi−2), ψi = [(Pi − 1)�(1+p)/(Pi−1)

i ]/(1 + p) +
[(2 + p)(�i|πi|pi−1)(1+p)/(2+p)]/(1 + p), and φi =
[(Pi − 1)�i/(p + 1)](p+1)/(Pi−1)[pi/(Pi − 1)δi]pi/(Pi−1).
ai and δi are positive design parameters.

Design αi and ˙̂
�i as follows:

αi � −�iei (52)

�i =
⎡
⎣λi1 + λi2e2(Pir2−p−1)

i√
e2(Pir2−p−1)

i + ε2
i

+ φi

⎤
⎦

1
pi

(53)

˙̂
�i = γi|ei|Pi−1

4ai||�i(Zi)||2 − σi�̂i,
(
�̂i(0) > 0

)
(54)

where λi1, σi ∈ R+.
Substituting (50)–(54) to (49), one has

V̇i ≤ −
i∑

j=1

λj1ep+1
j −

i∑
j=1

λj2e
Pjr2
j +

i∑
j=1

σj

γj
�̃j�̂j

+ pi + 1

p + 1
ep+1

i+1 +
i∑

j=1

�j (55)

where �j = δj + ε
Pj
j /Pj.

Step n: Choose the nth LFc Vn as follows:

Vn = 1

Pn
ePn

n + 1

2γn
�̃2

n + Vn−1, γn ∈ R+. (56)

Then, one has

V̇n = V̇n−1 + ePn−1
n f̄n(Zn)− (Pn − 1)ePn

n

Pn
− λn1εnep+1

n

+ ePn−1
n μngn(x̄n)u

pn − �̃n
˙̂
�n

γn
(57)

where f̄n(Zn) = Fn(x̄n)+ (Pn − 1)en/Pn + (pn−1 + 1)epn
n /(p +

1)− α̇n−1 + λn1εnepn
n , λn1, εn ∈ R+.

Similar to (40) and (50), one has

ePn−1
n f̄n(Zn) ≤ |en|Pn−1�̃n

4an||�n(Zn)||2 + δn + φnep+1
n

+ Pn − 1

Pn
ePn

n + ε
Pn
n

Pn
(58)

where �n = an + (

√
1 + �̂2

n)/(4an||�n(Zn)||2), φn = [(Pn −
1)�n/(p + 1)](p+1)/(Pn−1)[pn/(Pn − 1)δn]pn/(Pn−1). an and δn

are positive design parameters.
Design un and ˙̂

�n as follows:

u � −�nen (59)

�n =
⎡
⎣ 1

μng

⎛
⎝λn1 + λn2e2(Pnr2−p−1)

n√
e2(Pnr2−p−1)

n + ε2
n

+ φn

⎞
⎠
⎤
⎦

1
pn

(60)

˙̂
�n = γn|en|Pn−1

4an||�n(Zn)||2 − σn�̂n,
(
�̂n(0) > 0

)
(61)

where λn1, σn ∈ R+.
According to (59)–(61), we have

V̇n ≤ −
n∑

j=1

[
λj1ep+1

j + λj2e
Pjr2
j − σj�̃j�̂j

γj

]
+�0 (62)

where �0 = ∑n
j=1�j.

One can obtain from Lemma 5 that ePi
i ≤ νi+ep+1

i πi, where
πi = (Pi/(p+1))(p+1)/Pi((pi−1)/Piνi)

(pi−1)/Pi , νi ∈ R+. Thus,
−ep+1

i ≤ (−ePi
i + νi)/πi, i = 1, . . . , n. Then, we have

V̇n ≤ −
n∑

j=1

⎡
⎣λj1e

Pj
j

πj
+ λj2e

Pjr2
j − σj�̃j�̂j

γj

⎤
⎦+ �̄0 (63)

where �̄0 = �0 +∑n
j=1(λj1νj/πj).

Since �̃j�̂j ≤ −�̃2
j /2 +�2

j /2, then one has

V̇n ≤ −
n∑

j=1

⎡
⎣λj1e

Pj
j

πj
+ λj2e

Pjr2
j + σj�̃

2
j

2γj
− σj�

2
j

2γj

⎤
⎦+ �̄0.

(64)

On the basis of Lemmas 3 and 4, we have⎛
⎝ n∑

j=1

λj1e
Pj
j

πj

⎞
⎠

r1

≤
n∑

j=1

λj1e
Pj
j

πi
+ (1 − r1)r

r1
1−r1
1 (65)
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−
n∑

j=1

λj2e
Pjr2
j ≤ −

λ̄2

(∑n
j=1 e

Pj
j

)r2

nr2−1
(66)

⎛
⎝ n∑

j=1

σj�̃
2
j

4λj

⎞
⎠

r1

≤
n∑

j=1

σj�̃
2
j

4λj
+ (1 − r1)r

r1
1−r1
1 (67)

⎛
⎝ n∑

j=1

σj�̃
2
j

4λj

⎞
⎠

r2

≤
n∑

j=1

σj�̃
2
j

4λj
+ (1 − r2)r

r2
1−r2
2 (68)

where r1 ∈ (0, 1), λ̄2 = min1≤j≤n{λj2}.
According to (65)–(68), one can obtain

V̇n ≤ −
⎛
⎝ n∑

j=1

λj1

πj
e

Pj
j

⎞
⎠

r1

− λ̄2

nr2−1

⎛
⎝ n∑

j=1

e
Pj
j

⎞
⎠

r2

−
⎛
⎝ n∑

j=1

σj�̃
2
j

4λj

⎞
⎠

r1

−
⎛
⎝ n∑

j=1

σj�̃
2
j

4λj

⎞
⎠

r2

+� (69)

where � = �̄0 +∑n
j=1(σj�

2
j )/(2γj)+ 2(1 − r1)r

r1/(1−r1)

1 .

Let λ̂2 = min1≤j≤n{(λ̄2Pr2
j )/n

r2−1, (σj/2)r2/nr2−1}, λ̂1 =
min1≤j≤n{(λj1Pj/πj)

r1 , (σj/2)r1}. Then, (69) can be rewritten
as follows:

V̇n ≤ −λ̂1

⎡
⎣
⎛
⎝ n∑

j=1

e
Pj
j

Pj

⎞
⎠

r1

+
⎛
⎝ n∑

j=1

�̃2
j

2λj

⎞
⎠

r1
⎤
⎦

− λ̂2

⎡
⎣
⎛
⎝ n∑

j=1

e
Pj
j

Pj

⎞
⎠

r2

+
⎛
⎝ n∑

j=1

�̃2
j

2λj

⎞
⎠

r2
⎤
⎦+�. (70)

According to Lemma 4, we have

Vr1
n ≤

⎛
⎝ n∑

j=1

e
Pj
j

Pj

⎞
⎠

r1

+
⎛
⎝ n∑

j=1

�̃2
j

2λj

⎞
⎠

r1

(71)

Vr2
n ≤ 2r2−1

⎡
⎣
⎛
⎝ n∑

j=1

e
Pj
j

Pj

⎞
⎠

r2

+
⎛
⎝ n∑

j=1

�̃2
j

2λj

⎞
⎠

r2
⎤
⎦. (72)

Based on (70)–(72), we have

V̇n ≤ −λ1Vr1
n − λ2Vr2

n +� (73)

where λ1 = λ̂1 and λ2 = λ̂2/2r2−1.
The flow chart of control algorithm is shown in Fig. 1.
Remark 9: It is worth noting that the use of FLSs to approx-

imate nonlinear functions must be in a compact set. Therefore,
when using the proposed method to deal with unconstrained
HONSs, it is need to replace ξi, μi, vi, and α0 in the case of
state constraint by xi, 1, 0, and yd, respectively, and redesign-
ing the controller and altering the design parameters are not
needed. Of course, the use of FLSs to approximate unknown
nonlinear functions in control design is not the first time
proposed in this article, and similar methods also have been
proposed in [9], [10], and [11] and their references.

Remark 10: The singularity problem is a common problem
in FTC schemes. The early fixed-time dynamic surface control
method proposed in [14], [15], and [42] is an effective way

Fig. 1. Flow chart of control algorithm.

to solve this problem. In this article, we take the virtual con-
trol function as a part of the unknown nonlinear function, and
directly use the FLS to approximate it so as to avoid the singu-
larity caused by the repeated derivation of the virtual control
function, and the similar method is also presented in [47]. It
is noted that the virtual controller designed in [33] and [47] is
continuous but not derivable (i.e., when ei = 0, the derivative
of αi does not exist), so the methods in [33] and [47] cannot
completely avoid singularity. It can be known from (43), (44),
(52), and (53) that the proposed method effectively avoids this
problem.

C. Stability Analysis

Theorem: Consider the HONSs (12) with Assumptions 1
and 2, under the initial condition xi(0) ∈ Ai, the designed
adaptive control algorithm ensures the following.

1) All of the closed-loop signals are bounded, and the full-
state constraints are not violated under removal FCs.

2) The tracking error z1 = y − yd converges to a zero-
centered neighborhood within a fixed time.

Proof: 1) Select the entire LF V = Vn, from (73), one has

V̇ ≤ −λ1Vr1 − λ2Vr2 +�. (74)

According to Lemma 1, one has

V ≤ min

{(
�

(1 − η)λ1

) 1
r1
,

(
�

(1 − η)λ2

) 1
r2

}
(75)

with

T ≤ 1

λ1η(1 − r1)
+ 1

λ2η(r2 − 1)
(76)

where η ∈ (0, 1).
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According to the expression of V , one has

|ei| ≤ min

⎧⎪⎨
⎪⎩Pi

[(
�

(1 − η)λ1

) 1
r1

] 1
Pi

Pi

[(
�

(1 − η)λ2

) 1
r2

] 1
Pi

⎫⎪⎬
⎪⎭

(77)

and

∣∣∣�̃i

∣∣∣ ≤ min

⎧⎪⎨
⎪⎩
√√√√

2γi

(
�

(1 − η)λ1

) 1
r1

√√√√
2γi

(
�

(1 − η)λ2

) 1
r2

⎫⎪⎬
⎪⎭.
(78)

It means that �̃i and ei are bounded. It can be known from
the expressions of αi and u that αi and u are bounded, so is ξi.
From Lemma 6, one has xi ∈ Ai. Sum up, all of the closed-
loop signals are bounded, and the full-state constraints are not
violated. Based on the analysis of Remark 4, we know that
the FCs are eliminated.

2) Based on (77), we know that e1 converges to a zero-
centered neighborhood within a fixed time by choosing the
suitable parameter. From (14) and (36), one has e1 = Qz1,
where

Q = 1

2

[
H2

1 − H1

(H1 − x1)(H1 − yd)
+ L2

1 + L̄1

(yd − L1)(x1 − L1)

]
.

Since Q is bounded, the tracking error z1 can converge to a
zero-centered neighborhood within a fixed time by adjusting
appropriate parameters. Then, conclusion 2) holds.

Remark 11: Note that the proposed controller and adap-
tive law involve some design parameters. On the basis of the
bounded analysis of the closed-loop system, the convergence
time can be reduced by appropriately increasing the values of
λi1 and σi, and the tracking error can be reduced by appropri-
ately increasing the values of λi2 and γi. Of course, the actual
simulation also needs to debug the parameters according to the
actual needs, and so far, the adjustment of some parameters
can only be guided by experience.

IV. SIMULATION

Example 1: Give the following HONS:⎧⎨
⎩

ẋ1 = sin x1e−0.5x2 + (
1 + x2

1

)
x3

2
ẋ2 = x1x2

2 + (3 − cos x1 cos x2)u3

y = x1.

(79)

Let yd = 0.5 sin t, L1 = −0.2 × 2−0.3t − 0.5 sin t − 0.75,
H1 = 0.3×2−0.3t+0.5 sin t+0.5,L2 = −1−0.2 sin(t+5), H2 =
1.5 − 2−0.3t, L̄i = 0.1, and Hi = −0.1. Let λ1j = 15, λ2j =
5, σi = 1, ai = 0.1(i, j = 1, 2), γ1 = 10, γ2 = 30, r2 = 3, and
[x1(0), x2(0), �̂1(0), �̂2(0)]T = [0.1,−0.1, 3, 4]T .

In order to verify the effectiveness of our method, we compare
our method with the existing advanced methods. For the case
where the upper and lower constraint boundaries are positive
and negative functions (i.e., case ①), Figs. 2 and 3 show the
comparison between the proposed method and the method
in [31]. It can be seen from Fig. 2 that under the premise of
not violating the state constraint, the system output can better

Fig. 2. Tracking curves under our method and the method in [31].

Fig. 3. Tracking error curves under our method and the method in [31].

Fig. 4. Curves of x2 and α1.

track the desired signal under the two methods. Fig. 3 shows
the tracking error curves of the two methods, which means that
when the design parameters are the same, the tracking error
of the proposed method is smaller than that of the method
in [31]. Moreover, the method proposed in [31] can not predict
the settling time in advance, but the proposed method can. Fig. 4
shows the curves of x2 and α1, obviously, the state constraint
is not violated, that is, L2 < x2 < H2, and α1 is not within
the constraint range, which verifies that the proposed method
effectively removes the FC existing in methods proposed in [24],
[25], [26], [27], [28], and [30] (see Remark 4).

In addition, we also compare our approach with that of [19],
which also applies to cases ①–⑥. Let yd = 1.5 sin(0.5t),
L1 = 1.5 sin(0.5t) − 0.5 × 2−0.5t − 0.8, H1 = 0.1 ×
2−0.3t + 1.5 sin(0.5t) + 1.2, L2 = −1 − 0.2 sin(t + 5), and
H2 = 1.5 − 2−0.3t. Obviously, L1 and H1 are neither strictly
positive nor strictly negative. Figs. 5 and 6 show the tracking
curves and tracking error curves of the two methods under the
same design parameters. When the design parameters are the
same, the tracking error of the proposed method is smaller
than that of [19]. Note that the method in [19] is limited to
general feedback nonlinear systems, and the settling time of
the system cannot be predicted in advance.

To verify that the proposed method is applicable to HONSs
with or without multitype state constraints, Fig. 7 gives the
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Fig. 5. Tracking curves of our method and the method in [19].

Fig. 6. Tracking error curves of our method and the method in [19].

Fig. 7. Results under different constraint types.

simulation results under multitype state constraints. In Fig. 7,
subgraphs (a) and (b) show the tracking curves for the case
where both the upper and lower constraint boundaries are
strictly positive and strictly negative functions, respectively.
Subgraph (c) shows the tracking curve for the case where
the upper and lower constraint boundaries are neither strictly
positive nor strictly negative functions. Furthermore, select
L1 = −∞,H1 = +∞ when t ≤ 5, L1 = 0.2 − 0.2 × 2−0.3t −
0.3 sin t−1/(t−5), H1 = 0.3×2−0.3t+1/(t−5)+0.3 sin t+0.8
when t > 5, Subfigure (d) shows the result of acting interac-
tively under constraints and unconstraints. It is noted that when
L1 = −∞,H1 = +∞, it is need to replace ξi, μi, vi, and α0 in
the case of state constraint by xi, 1, 0, and yd, respectively, and
redesigning the controller and altering the design parameters
are not needed.

Remark 12: It is worth noting that when the constraint
boundaries are neither strictly positive nor strictly negative,
it can be seen from Remarks 4 and 5 that none of the existing

Fig. 8. Desired signal yd , system output y and its boundary functions.

Fig. 9. Tracking error z1.

methods are suitable for the above constraint types except
for [19], [20]. However, the methods in [19] and [20] are not
suitable for HONSs without state constraints. From this point of
view, the proposed approach has a wider range of application.
In addition, from the control performance, the proposed method
can achieve better tracking accuracy under the same design
parameters, and the proposed method can predict the settling
time in advance, but the methods in [19], [20], and [31] can not.

Example 2: Consider a reduced-order model of boiler-
turbine unit [31] as follows:⎧⎪⎨

⎪⎩
ẋ1 = x3

2

ẋ2 = x2
1

1+x2
2

+ u

y = x1

(80)

where x1 and x2 denote the drum and reheater pressures,
respectively, and u denotes the position of the control valve.
Let yd = 0.5 + 0.2 sin t, L1 = −∞, and H1 = +∞,

when t ≤ 5,L1 = 0.4 − 0.2 × 2−0.3t + 0.2 sin t − 1/(t − 5),
H1 = 0.6 + 0.1 × 2−0.3t + 0.2 sin t + 1/(t − 5) when
t > 5, L2 = −1 − 0.2 sin(t + 5), H2 = 1.5 − 2−0.3t,
L̄i = 0.1, and Hi = −0.1. Let λ1j = 15, λ2j = 5, σi = 1,
ai = 0.1(i, j = 1, 2), γ1 = 10, γ2 = 30, r2 = 3,
and [x1(0), x2(0), �̂1(0), �̂2(0)]T = [0.75,−0.1, 3, 4]T . The
results are shown in Figs. 8–12. Figs. 8 and 9 show the track-
ing curves and tracking error curves under the alternating of
constraint and nonconstraint, respectively, which implies that
the proposed method can achieve good tracking without vio-
lating state constraints. Fig. 10 shows the curve of x2 and α1,
which implies that the proposed method can remove the FC.
Figs. 11 and 12 show the curves of the control input u and
the adaptive parameters �̂1 and �̂2, respectively.

V. CONCLUSION

In this article, a novel fuzzy control algorithm for HONSs
subject to multitype state constraints is presented. The differ-
ence from the conventional approaches is that the proposed
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Fig. 10. Curves of x2 and α1.

Fig. 11. Trajectory of u.

Fig. 12. Trajectories of �̂1 and �̂2.

scheme effectively eliminates the FCs, and capable of accom-
modating multiple type time-varying state constraints (cases
①–⑥). In addition, a technical design makes the proposed
method also suitable for unconstrained HONSs. Combined
with FLS and FTST, the proposed algorithm ensure the fixed-
time stability. Of course, the FTC algorithm proposed in
this article still has the limitation of many design parame-
ters. Recently, some prescribed time control schemes [48],
[49], [50] were proposed successively. In the future, we will
focus on prescribed time control algorithm for HONSs with
multitype state constraints.
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